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Graph learning

® 3D Shapes

® Molecules and chemical compounds

e Social Networks

® Scenes in images




Supervised learning on graphs
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Graphs encoded as matrices




Graph learning
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Graph iIsomorphism




BasICc requirement: equivariance

fPXPT)= PfX)P’

(3)-Y



Cquivariance: aaditional benefits

e Often reduces the number of parameters in the model (e.g. conv layers)
® |mproves generalization
e Allows us to work with larger data

e (Sometimes) allows us to work with arbitrary object size

fPXPT) = PAX)PT
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Vlessage Passing: limitations




Questions:

1. How to measure expressive power of graph neural networks®

2. Gan we find a simple model which is stronger”?



1. How to measure expressive power of graph neural networks?



K-\V\Welsteller Lenman

e Polynomial algorithms to test graph isomorphism

Xu 2019, Morris 2019
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e Polynomial algorithms to test graph isomorphism

® [he first in the hierarchy is color refinement:
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e Polynomial algorithms to test graph isomorphism
® [he first in the hierarchy is color refinement

o K-\Weisfeller Lenman Iis a generalization to data on k-tuples of vertices



K-\V\Welsteller Lenman

e Polynomial algorithms to test graph isomorphism
® [he first in the hierarchy is color refinement

o K-\Weisfeller Lenman Iis a generalization to data on k-tuples of vertices

2-Weisfeiler Lehman



Message passing

2-WL < 3-WL < ... < 4-WL <...

Color 2-WL-folklore
Refinement

Xu 2019, Morris 2019



2. Gan we find a simple model which is stronger?



A simple powerful model
X Y

HER
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A simple powerful model
Y

? | 7 |y 7y 7 —fp

forward(self, ):
M1 = self.MLPI( )
MZ = self.MLPZ( )
M3 = self.MLP3( )

M1Z2 = torch.matmul(MI1,M2)

torch. cat((M3,M12),dim=1)




A simple powerful model
Y

? | 7 |y 7y 7 —fp

forward(self, ):
M1 = self.MLPI( )
MZ = self.MLPZ( )
M3 = self.MLP3( )

M1Z2 = torch.matmul(M1,MZ2)

torch. cat((M3,M12) ,dim=1)

X > (M5(X), M, (X)M,(X))




EQuivariance”?

X = (M3(X).M{(X)M,(X))



EqQuivariance”

PXP'— (M(PXP"), M{(PXP")M,(PXP"))
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EqQuivariance”

PXP'—(PM{X)P, PM(X)My(X)P")



EqQuivariance”

PXP'— P(M{X),M(X)M,(X))P"
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Theorem [Maron, Ben-Hamu, Serviansky, Lipman]: he simple graph network has 3-WL power In
distinguishing non-isomorphic graphs.
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Theorem [Maron, Ben-Hamu, Serviansky, Lipman]: he simple graph network has 3-WL power In
distinguishing non-isomorphic graphs.

Message passing

2-WL < 3-WL < ... < 4-WL <...

Color
. 2-WL-folklore
Refinement




X = (M3(X).M{(X)M,(X))



X = (MyX),M(X)My(X))
X - (X, X?) - X°












| Imitations

e \Norks with full matrix representation
e Suitable for dense small graphs

e Not applicable for large sparse graphs




\Vlolecule dataset v

MPNN

Target DTNN 123-gnn Ours 1 Ours 2

Lt 0.244 0.358 0.476 0.231 0.0934
Q! 0.95 0.89 0.27 0.382 0.318
€Ehomo 0.00388 0.00541 0.00337 0.00276 0.00174
€lumeo 0.00512 0.00623 0.00351 0.00287 0.0021
A, 0.0112  0.0066  0.0048 0.00406 0.0029
(R?) 17 28.5 22.9 16.07 3.78
42PVE 0.00172 0.00216 0.00019 0.00064 0.000399
Uy 2.43 2.05 0.0427 0.234 0.022
U 2.43 2 0.111 0.234 0.0504
H 2.43 2.02  0.0419 0.229 0.0294
G 2.43 2.02  0.0469 0.238 0.024
Co 0.27 0.42  0.0944 0.184 0.144




Efficienc
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Message passing
[Morris et al.18’,Xu et al.19’]
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